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1. Introduction
Lattice dynamical systems (LDS’s) arise in many applications of science and engineering where the spatial structure has a
discrete character. The wide range of interest includes metallurgy in material science, where LDS’s have been used to model
solidiﬁcation of alloys [5], cellular neutral networks in electrical circuit theory [9,10,20], and some other examples in pattern
recognition, image processing, chemical reaction theory, etc. Therefore the research on LDS’s has attracted much attention
from both mathematicians and engineering scientists. Extensive studies have been made on different aspects of LDS’s during
the past decades, such as the chaos properties of solutions [7,16], traveling wave solutions [8,20,21], and existence of the
global attractors for LDS’s [3,4].
Since most of the realistic systems involve random effects which may play an important role as intrinsic phenomena
rather than just compensation of defects in deterministic models, stochastic lattice systems (SLDS’s) then arise naturally
while these uncertainties or noises are taken into account. Many works have been done regarding the existence of global
random attractors for LDS’s driven by stochastic processes [2,6,14]. Not until recently did researchers start to pay attention
to the existence of random attractors for second-order SLDS’s [17–19]. However, all the existing work only consider the case







+ b sin(λu), (1.1)
is a nonlinear hyperbolic differential equation which has a wide range of applications in physics, not only in relativistic ﬁeld
theories but in solid-state physics, nonlinear optics, etc. Fan studied the attractors for a damped sine-Gordon equation with
multiplicative noise [11,12] on a bounded domain, but not the sine-Gordon lattice systems. In this article we will discuss
the random attractors for stochastic sine-Gordon lattice systems with multiplicative white noise. The rest of this paper is
organized as follows. In Section 2, we introduce basic concepts concerning random dynamical systems and global random
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white noise in Section 3. Section 4 offers some closing remarks.
2. Preliminaries
In this section, we present some concepts (from [1,2]) related to a RDS and a random attractor.
Let (X,‖ · ‖X ) be a separable Hilbert space, (Ω,F ,P) be a probability space and {θt : Ω → Ω, t ∈ R} be a family of
measure preserving transformations such that (t,ω) → θtω is measurable, θ0 = IdΩ , θt+s = θtθs , for all s, t ∈ R. The space
(Ω,F ,P, (θt)t∈R) is called a metric dynamical system.
In the following, a property holds for a.e. ω ∈ Ω means that there is Ω0 ⊂ Ω with P(Ω0) = 1 and θtΩ0 = Ω0 for t ∈ R.
Deﬁnition 2.1. A continuous random dynamical system on (Ω,F ,P, (θt)t∈R) with state space X is a (B(R+) × F ×
B(X),B(X))-measurable mapping
ϕ : R+ ×Ω × X → X, (t,ω,u) → ϕ(t,ω,u)
such that the following properties hold
(1) ϕ(0,ω,u) = u for all ω ∈ Ω and u ∈ X ;
(2) ϕ(t + s,ω, ·) = ϕ(t, θsω,ϕ(s,ω, ·)) for all s, t  0 and ω ∈ Ω;
(3) ϕ is continuous in t and u.
For given u ∈ X and E, F ⊂ X , we deﬁne
d(u, E) = inf
v∈E ‖u − v‖X
and
dH (E, F ) = sup
u∈E
d(u, F ).
dH (E, F ) is called the Hausdorff semi-distance from E to F .
Deﬁnition 2.2.
(1) A set-valued mapping ω → D(ω) : Ω → 2X is said to be a random set if the mapping ω → d(u, D(ω)) is measurable for
any u ∈ X .
(2) The mapping ω → D(ω) is called a random closed (compact) set, if D(ω) is closed (compact) for each ω ∈ Ω .
(3) A random set ω → D(ω) is said to be bounded if there exist u0 ∈ X and a random variable R(ω) > 0 such that
D(ω) ⊂ {u ∈ X : ‖u − u0‖X  R(ω)} for all ω ∈ Ω.




{‖u‖X : u ∈ D(θ−tω)}= 0 for all β > 0.
Deﬁnition 2.3. A random set ω → B(ω) is said to be a random absorbing set if for any tempered random set ω → D(ω),




)⊂ B(ω) for all t  TD(ω), ω ∈ Ω.





t, θ−tω, D(θ−tω), B1(ω)
)= 0 for all ω ∈ Ω.
Deﬁnition 2.5. A random compact set ω → A(ω) is said to be a random attractor if it is an random attracting set and
ϕ(t,ω, A(ω)) = A(θtω) for all ω ∈ Ω and t  0.
In what follows we use D(X) to denote the set of all tempered random subsets of X .
Deﬁnition 2.6. A RDS {ϕ(t,ω, ·)}t0,ω∈Ω deﬁned on a metric dynamical system (Ω,F ,P, (θt)t∈R) with state space l2 is
said to be asymptotically null in D(l2), if for a.e. ω ∈ Ω , D(ω) ∈ D(l2), and any ε > 0, there exists T (ε,ω, D(ω)) > 0 and
M(ε,ω, D(ω)) ∈ N such that∑
|i|>M(ε,ω,D(ω))
∣∣(ϕ(t, θ−tω,u(θ−tω))i∣∣2  ε, ∀t  T (ε,ω, D(ω)), ∀u(ω) ∈ D(ω).
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(a) There exists a θt -invariant set Ω˜ ⊂ Ω of full P measure and a random bounded absorbing set D0(ω) ∈ D(l2), ω ∈ Ω˜ , such that
for any D(ω) ∈ D(l2) and all ω ∈ Ω˜ , there exists T (ω, D) > 0 yielding ϕ(t, θ−tω, D(θ−tω)) ⊂ D0(ω) for all t  T (ω, D).






∣∣(ϕ(t, θ−tω,u(θ−tω))i∣∣2  ε2, ∀t  T (ε,ω, D0). (2.1)
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= −λui − β sinui + gi + (ui−1 − 2ui + ui+1)+ cui ◦ dw(t)dt , (3.1)
and initial conditions
ui(0) = u0,i, u˙i(0) = u1,i, i ∈ Z, (3.2)
where α, λ, and c are positive constants; β ∈ R; ui , gi , u0,i , u1,i ∈ R for i ∈ Z where Z denotes the integer set, ◦ denotes




ω ∈ C(R,R): ω(0) = 0}= C0(R,R), (3.3)
F0 is the Borel σ -algebra on Ω0 generated by the compact open topology (see [1,2,6]), and P0 is the Wiener measure
on F0.





= −λu − β sinu + g − Au + cu ◦ dw(t)
dt
, u(0) = u0, u˙(0) = u1, (3.4)
where u = (ui)i∈Z , sinu = (sinui)i∈Z , g = (gi)i∈Z , (Au)i = −(ui−1 − 2ui + ui+1), and cu ◦ dw(t)dt = (cui ◦ dw(t)dt )i∈Z . Letting
du




dt = (−αv − λu − β sinu + g − Au)+ cu ◦ dw(t)dt ,
(3.5)
with initial conditions
u(0) = u0, v(0) = u1. (3.6)
For convenience, we ﬁrst transform (3.5) into random differential equations without white noise. Deﬁne (θt)t∈R on Ω0 via





eαsθtω(s)ds, t ∈ R, ω ∈ Ω, (3.8)
then δ(θtω) is an Ornstein–Uhlenbeck process on (Ω0,F0,P0, (θt)t∈R) and solves the following Ornstein–Uhlenbeck equa-
tion (see [2,14] for details)
dδ + αδ dt = dw(t,ω), δ(−∞) = 0, t  0, (3.9)
where w(t,ω) = ω(t) for ω ∈ Ω0, t ∈ R.
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(i) limt→±∞ |ω(t)|t = 0;
(ii) the random variable |δ(ω)| is tempered;
(iii) the mapping δ(θtω)
(t,ω) → δ(θtω) = −α
0∫
−∞
eαsω(t + s)ds +ω(t) (3.10)




























∣∣δ(θsω)∣∣2 ds = E[∣∣δ(ω)∣∣2]= 1
2α
. (3.13)
Let v˜ = v+εu− cuδ(θtω) where u, v are solutions of (3.5)–(3.6). Then system (3.5)–(3.6) can be written as the following
random system without white noise{
du
dt + εu − v˜ = cuδ(θtω),
dv˜
dt + [λ+ A − ε(α − ε)]u + (α − ε)v˜ = [2εcδ(θtω)− c2δ2(θtω)]u − cδ(θtω)v˜ − β sinu + g,
(3.14)
with initial conditions
u(0) = u0, v˜(0) = u1 + εu0 − cu0δ(ω). (3.15)
We will then study the existence of random attractors of (3.14).














ui vi, ‖u‖2 = (u,u), ∀u = (ui)i∈Z, v = (vi)i∈Z ∈ l2.
Introducing a linear operator B and its adjoint operator B∗:




i = ui−1 − ui, ∀i ∈ Z, ∀u = (ui)i∈Z ∈ l2,
we then have
(Au, v) = (BB∗u, v)= (B∗Bu, v)= (Bu, Bv) = (B∗u, B∗v), ∀u, v ∈ l2. (3.17)
For any u, v ∈ l2, deﬁne a bilinear form (·,·)λ on l2 via
(u, v)λ = (Bu, Bv)+ λ
∑
i∈Z
ui vi . (3.18)
Since λ‖u‖2  ‖u‖2λ  (4 + λ)‖u‖2, ∀u ∈ l2, the norm ‖ · ‖λ induced by (·,·)λ is equivalent to the norm ‖ · ‖. Note l2λ =
















∈ E, k = 1,2, (3.19)i i∈Z
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Let ϕ = ( u
v˜
)
, then system (3.14) with initial conditions (3.15) can be written as
















F (ϕ, θtω) =
(
cuδ(θtω)
[2εcδ(θtω)− c2δ2(θtω)]u − cδ(θtω)v˜ − β sinu + g
)
. (3.24)
Let ψ = ( u
v
)




)= ( 1 0−ε + cδ(θtω) 1
)
is an isomorphism on E .
Theorem 3.2. Let T > 0 and g ∈ l2 . Then for anyω ∈ Ω0 and any initial data ϕ0 ∈ E, Eq. (3.21) admits a unique solution ϕ(·,ω,ϕ0) ∈
C([0, T ), E).




|β sinui|2  |β|
∑
i∈Z
u2i = |β| · ‖u‖2. (3.25)
Also, for u(1) = (u(1)i )i∈Z , u(2) = (u(2)i )i∈Z ∈ l2,∥∥β sinu(1) − β sinu(2)∥∥2 = |β|∑
i∈Z
∣∣sinu(1)i − sinu(2)i ∣∣2  |β| · ∥∥u(1) − u(2)∥∥2, (3.26)
which implies that β sinu is globally Lipschitz on l2 with respect to u with a uniformly bounded Lipschitz constant. Since
δ(θtω) is continuous with respect to t , function F in (3.23) is continuous in t and globally Lipschitz continuous in ϕ on E
with a uniformly bounded Lipschitz constant from E into E . Observe that the linear operator L in (3.22) has E as its domain
and generates an analytical semigroup on E . Therefore by Theorem 6.1.7 of [15], problem (3.21) possesses a unique global
classical solution ϕ(·,ω,ϕ0) ∈ C1([0,+∞), E). 
Theorem 3.3. For g ∈ l2 , (3.21) generates a continuous RDS {Φ(t,ω, ·)}t0,ω∈Ω0 over (Ω0,F0,P0, (θt)t∈R) with state space E:
Φ(t,ω,ϕ0) = ϕ(t,ω,ϕ0) for ϕ0 ∈ E, t  0, ω ∈ Ω0. (3.27)
Moreover,





for ψ0 ∈ E, t  0, ω ∈ Ω0 (3.28)
deﬁnes a continuous RDS {Ψ (t,ω, ·)}t0,ω∈Ω0 over (Ω0,F0,P0, (θt)t∈R) associated with (3.5).
Proof. By (3.2), for g ∈ l2 and ϕ0 ∈ E , the solution of (3.21) ϕ(t,ω,ϕ0) ∈ E for t ∈ [0,+∞). Since function F (ϕ, θtω) =
F (ϕ, t,ω) is continuous in ϕ , t , and is measurable in ω,ϕ : [0,+∞) × Ω × E → E , (t,ω,ϕ0) → ϕ(t,ω,ϕ0) is (B[0,+∞) ×
F0 ×B(E),B(E))-measurable (see [1]). It follows directly the other statements. 
486 X. Han / J. Math. Anal. Appl. 376 (2011) 481–4933.2. Existence of tempered random bounded absorbing set and global random attractor
In this subsection, we study the existence of tempered random bounded absorbing set and global random attractor for
the RDS {Ψ (t,ω, ·)}t0,ω∈Ω0 in E .
Lemma 3.4. Let












, where ε = αλ
3λ+ α2 .
If K > 0, there exists a closed random bounded absorbing set D0(ω) ∈ D(E) of {Ψ (t,w, ·)}t0,ω∈Ω˜ such that for any D ∈ D(E) and
ω ∈ Ω˜ , there exists TD(ω) > 0 yielding Ψ (t, θ−tω, D(θ−tω)) ⊂ D0(ω), ∀t  TD(ω). In particular, there exists TD0 (ω) > 0 yielding
Ψ (t, θ−tω, D0(θ−tω)) ⊂ D0(ω), ∀t  TD0 (ω).
Proof. Let ϕ(t) = ( u(t)
v˜(t)
) ∈ E be a solution of (3.21) with initial condition (3.22) ∈ E . Taking the inner product (·,·)E of (3.21)


















+ ([2εcδ(θtω)− c2δ2(θtω)]u − cδ(θtω)v˜ − β sinu + g, v˜). (3.30)









∣∣δ(θtω)∣∣ · ‖u‖λ · ‖v˜‖ ε|c|√
λ
∣∣δ(θtω)∣∣ · ‖ϕ‖2E , (3.32)
(−c2δ2(θtω)u, v˜) c2√
λ





δ2(θtω) · ‖ϕ‖2E , (3.33)(
cδ(θtω)v˜, v˜
)
 |c| · ∣∣δ(θtω)∣∣ · ‖v˜‖2, (3.34)
(−β sinu, v˜) = −
∑
i∈Z












































Applying Gronwall’s inequality to (3.37) and we obtain that for t  0,
∥∥Φ(t,ω,ϕ0(ω))∥∥2E  e−εt+
∫ t
















λs+∫ s0 (2|c|(1+ ε√λ )|δ(θrω)|+ c2√λ δ2(θrω)+ β2αλ )dr ds, (3.38)
and therefore∥∥Φ(t, θ−tω,ϕ0(θ−tω))∥∥2E  e−εt+
∫ 0
−t (2|c|(1+ ε√λ )|δ(θsω)|+
c2√
λ








−εs+∫ 0s (2|c|(1+ ε√λ )|δ(θrω)|+ c2√λ δ2(θrω)+ β2αλ )dr ds < ∞. (3.40)−∞




, we have∥∥ϕ0(θ−tω)∥∥2E  ‖u0‖2λ + ‖u1‖2 + ε2‖u0‖2 + c2δ2(ω)‖u0‖2  C1(ω)‖ψ0‖2E , (3.41)
where








∥∥Φ(t, θ−tω,ϕ0(θ−tω))∥∥2E  C1(ω)‖ψ0‖2E · e−εt+
∫ 0
−t (2|c|(1+ ε√λ )|δ(θsω)|+
c2√
λ
δ2(θsω)+ β2αλ )ds + 1
2
r21(ω). (3.42)










∥∥Φ(t, θ−tω,ψ0(θ−tω))∥∥2E + ε2‖u‖2 + c2δ2(ω)‖u‖2
 C1(ω)
∥∥Φ(t, θ−tω,ψ0(θ−tω))∥∥2E
 C21(ω)‖ψ0‖2E · e−εt+
∫ 0
−t (2|c|(1+ ε√λ )|δ(θsω)|+
c2√
λ

























−t (2|c|(1+ ε√λ )|δ(θsω)|+
c2√
λ
δ2(θsω)+ β2αλ )ds = 0, (3.43)
i.e., there exists TD(ω) > 0 yielding Ψ (t, θ−tω, D(θ−tω)) ⊂ D0(ω), ∀t  TD(ω).
Particularly, for any γ > 0, by the property (3.11) of |δ(θtω)|, we have
lim
t→+∞ e
























−γ t · C1(θ−tω)r21(θ−tω) = 0. (3.45)
Letting r20(ω) = C1(ω)r21(ω), it then follows immediately that
D0(ω) =
{
ψ ∈ E: ‖ψ‖E  r0(ω)
}= DE(0, r0(ω))⊂ E
is a random closed tempered absorbing set of {Ψ (t,ω, ·)}t0,ω∈Ω˜ , i.e., there exists TD0 (ω) > 0 yielding Ψ (t, θ−tω,
D0(θ−tω)) ⊂ D0(ω), ∀t  TD0 (ω). 
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ists T0(ε,ω, D0) > TD0 (ω) and I0(ε,ω) ∈ N such that when t  T0(ε,ω, D0), the solution Ψ (t,ω,ψ0) = ψ(t,ω,ψ0) =( ui(t,ω,ψ0)
vi(t,ω,ψ0)
)
i∈Z ∈ E of Eqs. (3.5) satisﬁes∑
|i|I0(ε,ω)




2 + λu2i + v2i
]
 ε. (3.46)
Let η ∈ C1(R+,R) be a smooth increasing function satisfying{
η(s) = 0, 0 s < 1,
0 η(s) 1, 1 s < 2,
η(s) = 1, s 2,
(3.47)
and there exists a positive constant C0 such that |η′(s)| C0 for s ∈ R+.
Let ψ(t) = ( u(t)
v(t)
)= ( uivi )i∈Z be a solution of (3.5), then ϕ(t) = ( uiv˜i )i∈Z = R−1(ε, δ(θtω))ψ(t) is a solution of (3.21). Let M
be a suitable large integer which will be speciﬁed later. Set xi = η( |i|M )ui , yi = η( |i|M )v˜ i , ∀i ∈ Z, and z =
( x
y
)= ( xiyi )i∈Z . Taking
inner product (·,·)E of (3.21) with z results in
(ϕ˙, z)E + (Lϕ, z)E =
(
F (ϕ, θtω), z
)
E . (3.48)
























































































(ui+1 − ui) ·
(
cui+1δ(θtω)− ui+1 + v˜ i+1





















1+ 2ε + 2|c| · ∣∣δ(θtω)∣∣) · ‖u‖2 + ‖v˜‖2], (3.49)
where ‖ϕi‖2E = (Bui)2 + λu2i + v˜2i = (ui+1 − ui)2 + λu2i + v˜2i .
(ii)
(Lϕ, z)E = (εu − v˜, x)λ +
([
λ+ A − ε(α − ε)]u + (α − ε)v˜, y)
















































































( |i + 1|
M
)









(v˜ i+1 − v˜ i)
[
η





















(ui+1 v˜ i − ui v˜ i+1)
−C0
M
(‖u‖2 + ‖v˜‖2). (3.54)


















(2ε + 1)‖u‖2 + ‖v˜‖2]. (3.55)
(iii)
(







+ (2εcδ(θtω)u, y)− (c2δ2(θtω)u, y)− (cδ(θtω)v˜, y)



































































































































Collecting (3.56)–(3.62) results in
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−ε(t−τ )+∫ tτ ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds









−ε(t−τ )+∫ tτ ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds dτ . (3.65)









































−ε(t−τ )+∫ tτ ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds









−ε(t−τ )+∫ tτ ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds dτ . (3.66)0
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−→ 0 as t → +∞, (3.67)







αλ +(4+2 ε√λ )|c||δ(θs−tω)|+
c2√
λ
δ2(θs−tω))ds∥∥ϕ(TD0 , θ−tω,ϕ0(θ−tω))∥∥2E  ε3 . (3.68)
(ii) Let ξ(θtω) = λ+1+2ε+2|c||δ(θtω)|, then ξ is tempered and is continuous in t . By Proposition 4.3.3 of [1], for K > 0
there exists a tempered random variable γ0(ω) such that
ξ(θtω) γ0(θtω) γ0(θtω)e
K
3 |t|, ∀t ∈ R.
Then we have
e



























































αλ +(4+2 ε√λ )|c||δ(θs)ω|+
c2√
λ
δ2(θsω))ds dτ . (3.69)




























αλ +(4+2 ε√λ )|c||δ(θs)ω|+
c2√
λ













































αλ +(4+2 ε√λ )|c||δ(θs)ω|+
c2√
λ
δ2(θsω))ds dτ < ∞. (3.71)
Therefore for suﬃcient large M , i.e. there exists I1(ε,ω) ∈ N, such that for M > I1(,ω), there exists T3(ε,ω, D0) T2 such






−ε(t−τ )+∫ tτ ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds
· (λ+ 1+ 2ε + 2|c|∣∣δ(θτ−tω)∣∣)∥∥ϕ(τ , θ−tω,ϕ0(θ−tω))∥∥2E dτ < ε3 . (3.72)









−εr+∫ 0r ( 2β2αλ +(4+2 ε√λ )|c||δ(θs−t )ω|+ c2√λ δ2(θs−tω))ds dr < ∞.






























)∥∥Ψi(t, θ−tω,ψ0)∥∥2E  ε.  (3.74)
4. Remarks
In this paper we studied the existence of a global random attractor for a second-order stochastic damped sine-Gordon
lattice equation with multiplicative white noise cui ◦ dω(t)dt . The required condition (see Lemma 3.4), which implies that the
coeﬃcient c of the noise term needs to be suitable small, is different from that in stochastic sine-Gordon lattice equations
with additive white noise ai
dωi(t)
dt [19], this is because that the multiplicative noise cui ◦ dω(t)dt depends on the state variable
ui but the additive noise term ai
dωi(t)
dt is independent of ui .
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